In this note we introduce Baxter integral Q-operators for finite-dimensional Lie algebras gl ℓ+1 and so 2ℓ+1 . Corresponding Whittaker functions are eigenfunctions of the Q-operators with the eigenvalues expressed in terms of Gamma-functions. This property is one of the manifestations of an interesting connection between MellinBarnes and Givental integral representations of Whittaker functions. The two types of integral representations appear to be dual to each other and allow a family of mixed Mellin-Barnes-Givental integral representations introduced in this note. We use this duality to provide a simple proof of the Bump conjecture for G = GL(ℓ+1) and discuss a relation with the proof given previously by Stade. We also identify eigenvalues of the Baxter Q-operator acting on Whittaker functions with local Archimedean Lfactors and stress an analogy between Q-operators and certain elements of the nonArchimedean
Introduction
The notion of the Q-operator was introduced by Baxter as an important tool to solve quantum integrable systems [Ba] . These operators were constructed for certain quantum integrable systems associated with the affine Lie algebra gl ℓ+1 and its quantum/elliptic generalizations. New class of integral Q-operators corresponding to gl ℓ+1 -Toda chain was proposed by Pasquier and Gaudin [PG] . Its generalization to Toda chains based on other classical affine Lie algebras was proposed recently in [GLO1] , [GLO2] , [GLO3] .
In this note we introduce integral Baxter Q-operators for Toda chains based on finitedimensional classical Lie algebras gl ℓ+1 and so 2ℓ+1 . These integral operators are closely related with the recursion operators in the Givental integral representation of Whittaker functions (see [Gi] for gl ℓ+1 and [GLO3] for other classical Lie algebras). It is known that common eigenfunctions of the complete set of mutually commuting g-Toda chain Hamiltonians are given by g-Whittaker functions. One of the characteristic properties of the Baxter integral operators for finite-dimensional classical Lie algebras is that corresponding Whittaker functions are their eigenfunctions with the eigenvalues expressed in terms of Gammafunctions. Moreover integral Q-operators provide a set of the integral equations defining Whittaker functions. Although for quantum integrable systems based on finite-dimensional Lie algebras there are powerful representation theory methods to solve the theories we will argue below that the introduced Q-operators provide additional insights both into the theory of quantum integrable systems and into the relevant problems of representation theory of Lie groups.
The appearance of the products of Gamma-functions as eigenvalues of Q-operators implies a close connection between Givental and Mellin-Barnes integral representations [KL] for gl ℓ+1 -Whittaker functions. Note that the representation theory interpretation [GKL] of the Mellin-Barnes integral representation uses the Gelfand-Zetlin construction of the maximal commutative subalgebra of U(gl ℓ+1 ). A connection between Mellin-Barnes and Givental representations can be guessed by noticing that Givental diagrams for classical Lie algebras [GLO3] are identical to Gelfand-Zetlin patterns [BZ] . Moreover both constructions are most natural for classical Lie algebras. In this note we discuss this connection from another (but obviously related) point of view by considering a duality between recursive structures of Givental and Mellin-Barnes integral representations. We also construct a family of mixed Mellin-Barnes-Givental integral representations interpolating between Mellin-Barnes and Givental integral representations of Whittaker functions.
We use the Mellin-Barnes integral representation to give a simple proof of the Bump conjecture on Archimedean factors arising in the application of the Rankin-Selberg method to analytic continuation of GL(ℓ + 1) × GL(ℓ) L-functions. We also discuss a relation with another proof given by Stade [St2] . The method used originally by Stade was based on a recursive construction of gl ℓ+1 -Whittaker functions. This construction is a generalization of the recursive construction due to Vinogradov and Takhtadzhyn [VT] for low rank Lie groups and it was noticed in [GKLO] that recursive construction used by Stade basically coincides with the Givental recursive construction (see also recent detailed discussion in [St3] ). Below we demonstrate that the Bump conjecture is a simple consequence of the recursive structure of the Mellin-Barnes integral representation of gl ℓ+1 -Whittaker function. Thus the proof of Bump conjecture by Stade can be considered as a derivation of the Mellin-Barnes integral representation from the Givental integral representation. Note that using [GLO3] , these results can be generalized to all classical Lie groups.
Rankin-Selberg method is a powerful tool to study analytic properties of automorphic L-functions. The application of the Baxter operators and closely related recursive operators to a derivation of analytic properties of L-functions using Rankin-Selberg method is not accidental. We remark that the eigenvalues of introduced Q-operators acting on Whittaker functions are given by Archimedean local L-factors and the integral Q-operators should be naturally considered as elements of Archimedean Hecke algebra. Moreover we describe nonArchimedean counterparts of Q-operators as elements of non-Archimedean Hecke algebras H(GL(ℓ + 1, Q p ), GL(ℓ + 1, Z p )). This interpretation in particular implies that there is a hidden parameter in Q-operator parametrising finite-dimensional representations of the Langlands dual Lie algebra. In this sense Q-operators considered in this note correspond to standard representations of the classical Lie algebras. We are going to consider these more general integral Q-operators corresponding to more general representations in a separate publication.
Finally let us remark that the constructions of affine integral Q-operators and its eigenvalues for the action on Whittaker functions [PG] , [KL] together with the considerations of this note imply an intriguing possibility to interpret the eigenvalues of affine Q-operators as a kind of local Archimedean L-factors. It is natural to expect that these L-factors should be connected with 2-dimensional local fields in the sense of Parshin [Pa] . We are going to discuss this fascinating possibility as well as to present complete proofs of the results presented in this note elsewhere.
The plan of this paper is as follows. In Section 2 we recall Givental integral representation for gl ℓ+1 and introduce Baxter Q-operator for gl ℓ+1 . In Section 3 we consider relation between Givental and Mellin-Barnes integral representations of gl ℓ+1 -Whittaker functions. In Section 4 we use Mellin-Barnes integral representation to prove Bump conjecture and discuss the relation with [St2] . In Section 5 we identify eigenvalues of the Baxter Q-operator with local Archimedean L-factors and stress an analogy between Q-operators and certain elements of the non-Archimedean Hecke algebra H(GL(ℓ + 1, Q p ), GL(ℓ + 1, Z p )). Finally in Section 6 a generalization to so(2ℓ + 1) is given.
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Baxter operator for gl ℓ+1
To motivate the introduction of the Baxter operator for gl ℓ+1 we start by recalling the recursive construction of gl ℓ+1 -Whittaker function due to Givental [Gi] . According to Kostant [Ko1] , [Ko2] , gl ℓ+1 -Whittaker function can be defined as a certain matrix element in a principal series representation of G = GL(ℓ + 1, R). Let U(g) be a universal enveloping algebra of g = gl ℓ+1 and V , V ′ be U(g)-modules, dual with respect to a non-degenerate invariant pairing . , . :
and X ∈ g. We will assume that the action of the Cartan subalgebra on V , V ′ is integrated to the action of the Cartan torus H ⊂ G. Let B − = N − H and B + = HN + be a pair of opposed Borel subgroups and N ± be unipotent radicals of B ± . Characters of n ± = Lie(N ± ) are defined by their values on simple root generators. Let χ ± : n ± → C be the characters of n ± defined by χ + (e i ) := −1 and χ − (f i ) := −1 for all i = 1, . . . , ℓ. A vector ψ R ∈ V is called a Whittaker vector with respect to χ + if
and a vector ψ L ∈ V ′ is called a Whittaker vector with respect to χ − if
One defines a Whittaker module V as a space of functions on G such that f (ng) = χ(n)f (g), n ∈ N. U(g)-module admits a Whittaker model with respect to the character χ if it is equivalent to a subrepresentation of V. Below we will consider principal series representations of G which always admit Whittaker models.
Following Kostant [Ko1] , [Ko2] ( see also [Et] for a recent discussion) we represent gWhittaker function in terms of the invariant pairing of Whittaker modules as follows
where
is a bases of fundamental weights of g. In the special case of g = sl 2 the function Ψ g λ (x), x ∈ R coincides with the classical Whittaker function. It was shown in [Ko1] that g-Whittaker functions are common eigenfunctions of the complete sets of commuting Hamiltonians of g-Toda chains. Complete set of commuting Hamiltonians of g-Toda chain is generated by the differential operators H k ∈ Diff(h), k = 1, · · · , ℓ defined in terms of the generators {c k } of the center Z(g) ⊂ U(g) as follows:
Let c 2 be a quadratic generator of Z(g) (Casimir element)
where R + is a set of all positive roots, c ij = d i d j (b −1 ) ij and b ij = d i a ij is a symmetrisation of the Cartan matrix a ij . Let {ǫ i } be an orthogonal bases (ǫ i , ǫ j ) = δ ij in h and x = ℓ i=1 x i ǫ i be a decomposition of x ∈ h in this bases. Then the projection (2.4) of (2.5) gives the following quadratic Hamiltonian operator of g-Toda chain (see e.g. [RSTS] )
where ρ i = 1 2 (ℓ − 2i + 2) are the components of half-sum of all positive roots ρ = 1 2 α∈R + α in the standard basis {ǫ i } in R ℓ+1 and E i,j are the standard generators of U(gl ℓ+1 ). The quadratic Hamiltonian is given by
Let us introduce a generating function for Toda chain Hamiltonians as
Then gl ℓ+1 -Whittaker function satisfies the following equation
where λ = (λ 1 , · · · , λ ℓ+1 ) and x = (x 1 , . . . , x ℓ+1 ).
Theorem 2.1 gl ℓ+1 -Whittaker functions (2.7) admit the integral representation:
Here x i := −x ℓ+1,i , i = 1, . . . , ℓ + 1 and C ⊂ N + is a middle-dimensional non-compact submanifold such that the integrand decreases exponentially at the boundaries and at infinities. In particular C can be chosen to be C =R
This integral representation of gl ℓ+1 -Whittaker function was first obtained by Givental [Gi] (see also [JK] ). The interpretation of the Givental integral formula as a matrix element (2.7) was first obtained in [GKLO] . It was also noted in [GKLO] that the integral representation (2.11) of gl ℓ+1 -Whittaker function has a recursive structure over the rank ℓ of the Lie algebra. 
, where
The dimension of the space of the solutions of (2.10) is equal to the order (ℓ + 1)! of the Weyl group W = S ℓ+1 . Below Ψ gl ℓ+1 λ (x) will always denote a unique W -invariant solution of (2.10) (class one principal series Whitaker function). Note that W -invariant Whittaker functions Ψ gl ℓ+1 λ (x) provide a bases in the space of W -invariant functions on R ℓ+1 .
Theorem 2.2 For the properly normalized W -invariant gl ℓ+1 -Whittaker functions the following completeness relations hold
Now we are ready to introduce Baxter Q-operator for gl ℓ+1 .
Definition 2.1 Baxter operator Q gl ℓ+1 (λ) for gl ℓ+1 is an integral operator with the kernel given by
where we assume x i := x ℓ+1,i and y i = y ℓ+1,i .
Let us note that thus defined Baxter operator is non-trivial even for gl 1 .
Theorem 2.3 Baxter operator Q gl ℓ+1 (λ) satisfies the following identities
Proof: The commutativity of Q-operators
is proved using the following change of the variables x i
Other identities can be easily proved using the same trick Let us note that (2.21) can be understood as a degeneration of the the well-known defining equation for gl ℓ+1 Baxter Q-operator. The equation (2.21) and its affine analog are obtained by a quantization of the equation for the corresponding Toda chain spectral curves.
The following relations are now easily derived from (2.13), (2.20).
Corollary 2.2 The following relations hold
where x = (x 1 , . . . , x ℓ+1 ), y = (y 1 , . . . , y ℓ+1 ) and λ = (λ 1 , . . . , λ ℓ+1 ).
One can consider the Whittaker function Ψ gl ℓ+1 λ (x) as an integral kernel of a transformation between the spaces of functions depending on λ and x. Then (2.26) can be reformulated as follows. Note that according to (2.26) Q-operator in λ-representation acts simply by a multiplication by the product of Gamma-functions and thus the integral kernel is given by
In particular, for the kernel of the Q-operator in x-representation we have the following
Givental versus Mellin-Barnes integral representations
An important property of the Givental integral representation is its recursive structure with respect to the rank of the Lie algebra. There is another integral representation [KL] for gl ℓ+1 -Whittaker functions generalizing Mellin-Barnes integral representation for low ranks. This representation also have recursive structure. Its interpretation in terms of the representation theory uses the Gelfand-Zetlin construction of the maximal commutative subalgebra in U(gl ℓ+1 ) [GKL] . In this section we compare recursive structures of Givental and MellinBarnes representations and demonstrate that these two integral representations should be considered as dual to each other. We also construct a family of new integral representations interpolating between Givental and Mellin-Barnes representations.
Let us start with a description of the Mellin-Barnes integral representation for gl ℓ+1 -Whittaker functions.
Theorem 3.1 The following integral representation for gl ℓ+1 -Whittaker functions holds
where λ = (λ 1 , . . . , λ ℓ+1 ) := (γ ℓ+1,1 , . . . , γ ℓ+1,ℓ+1 ), x = (x 1 , . . . , x ℓ+1 ) and the domain of the integration S is defined by the conditions min j {Im γ kj } > max m {Im γ k+1,m } for all k = 1, . . . , ℓ. Recall that we assume γ nj = 0 for j > n.
Corollary 3.1 The following recursive relation holds:
Ψ gl ℓ+1 γ ℓ+1 (x 1 , . . . , x ℓ+1 ) = Sn Q gl ℓ+1 gl ℓ (γ ℓ+1 , γ ℓ |x ℓ+1 ) Ψ gl ℓ γ ℓ (x 1 , . . . , x ℓ ) µ (ℓ) (γ ℓ ) ℓ j=1 dγ ℓ,j , (3.2) where Q gl ℓ+1 gl ℓ (γ ℓ+1 , γ ℓ |x ℓ+1 ) = e ı( ℓ+1 P j=1 γ ℓ+1,j − ℓ P k=1 γ ℓ,k )x ℓ+1 ℓ k=1 ℓ+1 m=1 Γ(ıγ ℓ+1,m − ıγ ℓ,k ), (3.3) µ (ℓ) (γ ℓ ) = s =p 1 Γ(ıγ ℓp − ıγ ℓs ) ,(3.
4)
and we imply Ψ gl 1 γ 11 (x 1 ) = e i γ 11 x 1 . The domain of integration S n is defined by the conditions min j {Imγ n−1,j } > max m {Imγ nm }.
Let us stress that the recursive structure of the Mellin-Barnes integral representation of gl ℓ+1 -Whittaker functions is in a sense dual to that of the Givental integral representation. Indeed, Mellin-Barnes recursive operator Q gl ℓ+1 gl ℓ depends on additional "coordinate" variable x ℓ+1 and acts in the space of spectral variables γ, while Givental recursive operator Q gl ℓ+1 gl ℓ depends on an additional "spectral" variable λ ℓ+1 and acts in the space of coordinate variables x. Using the completeness conditions (2.15), (2.16) one can show that these two operators are related by a conjugation by the integral operator with the kernel Ψ
Proposition 3.1 The following integral representation for the kernel of the recursive operator
Note that this proposition can be also proved directly by using the recursion in the Givental integral representation of gl ℓ+1 -Whittaker functions.
To obtain the Whittaker function Ψ
) over x-variables or the integral operator Q gl ℓ+1 gl ℓ (λ ℓ+1 , λ ℓ |x ℓ+1,ℓ+1 ) over λ-variables. This leads to the following family of mixed Mellin-Barnes-Givental integral representations of gl ℓ+1 -Whittaker function
where Q (L) is the integral operator with the integral kernel Q λ (x, x ′ |λ), Q (R) is the integral operator with the integral kernel Q(λ, λ ′ |x) and the integral operators acts on λ-or x-variables depending on ǫ. Different choices of ǫ i in (3.6) provide different integral representations of gl ℓ+1 -Whittaker function. Detailed discussion of these representations will be given elsewhere.
Archimedean factors in Rankin-Selberg method
In this section we use the recursion operator of Mellin-Barnes integral representation for a simple calculation of the correction factors arsing in the Rankin-Selberg method for GL(ℓ + 1) × GL(ℓ). Note that this calculation is an important step in the proof of the functional equations for GL(ℓ + 1) × GL(ℓ) automorphic L-functions using the Rankin-Selberg approach. Explicit expressions for these correction factors in terms of Gamma-functions were conjectured by Bump and proved by Stade [St2] . The proof in [St2] is based on a generalization of the recursive relations between gl ℓ+1 -Whittaker functions for low ranks ℓ first derived by Vinogradov and Takhtadzhyn [VT] . Although this recursion changes the rank by two ℓ → ℓ + 2 and looks different from the recursions considered in the previous sections it was noted in [GKLO] that the Stade recursion is simply the Givental recursion applied twice. On the hand using the Mellin-Barnes recursion Bump conjecture allows one-line proof. Actually, as it will be demonstrated below, the Stade proof of the Bump conjecture can be interpreted as a derivation of the Mellin-Barnes integral representation using Givental integral representation. Using [GLO3] , one can generalize the Bump conjecture, Stade proof and the proof using Mellin-Barnes recursion for gl ℓ+1 to the case of all classical Lie groups. This will be considered elsewhere.
In the following we explain the calculation of the correction factors arsing in the RankinSelberg method for GL(ℓ + 1) × GL(ℓ) using Mellin-Barnes recursive integral representation of gl ℓ+1 -Whittaker functions. We start with a short description of the relevant facts about automorphic L-functions, Rankin-Selberg method and Bump conjecture. For more details see e.g. [Bu] , [Go] .
Let A be the adele ring of Q and G be a reductive Lie group. Automorphic representation π of G(A) can be characterized by an automorphic form φ π such that it is an eigenfunctions of any element of the global Hecke algebra H(G(A)). Global Hecke algebra can be represented as a product H(G(A)) = (⊗ p H p ) ⊗ H ∞ of the local non-Archimedean Hecke algebras H p = H(G(Q p ), G(Z p )) for each prime p and an Archimedean Hecke algebra H ∞ = H(G(R), K) where K is a maximal compact subgroup in G(R). For each non-Archimedean unramified representation of G(Q p ), local Hecke algebra H p is isomorphic to a representation ring of a simply connected Lie group L G 0 which is a complex Lie group, Langlands dual to G (e.g.
). An automorphic form φ π is a common eigenfunction of all elements of H p for all primes p and thus defines a set of homomorphisms H p → C. Taking into account the isomorphism of the local Hecke algebras with the representation ring of L G 0 one can describe the set of homomorphisms as a set of conjugacy classes g p in
one can construct Lfunction corresponding to automorphic form φ in the form of the Euler product as follows
where ′ p is a product over primes p such that the corresponding representation of G(Q p ) is not ramified. It is natural to complete the product by including local L-factors corresponding to Archimedean and ramified place. L-factors for ramified representations can be taken trivial. For the Archimedean place the Hecke eigenfunction property can be replaced by the eigenfunction property with respect to the ring of invariant differential operators on G(R). The corresponding eigenvalues are described by a conjugacy class t ∞ in the Lie algebra
should satisfy the functional equation of the form
where ǫ-factor is of the exponential form ǫ(s, φ, ρ) = A B s and π ∨ , ρ ∨ are dual to π, ρ.
In Rankin-Selberg method one considers automorphic L-functions associated with automorphic representations of the products G ×G of reductive groups. Let us ρ V :
LG 0 → End(Ṽ ) be finite-dimensional representations of the dual groups and
LG 0 be representatives of the conjugacy classes corresponding to automorphic forms φ andφ. One defines L-function L(s, π ×π) as follows
L-function (4.4) up to a correction factor can be naturally written as an integral of the product of automorphic forms φ andφ with a simple kernel function. Given an explicit expression for the correction factor, this integral representation can be an important tool to study analytic properties of L(s, φ ×φ) as a function of s.
Below we will be interested in the case of G ×G = GL(ℓ + 1) × GL(ℓ), ρ andρ being standard representations of GL(ℓ + 1) and GL(ℓ). Consider the following integral
where Z A ⊂ GL(ℓ, A) is a subgroup of the matrices proportional to the unite matrix. Using the Rankin-Selberg unfolding technique (4.5) can be represented in the form
where correction factor Ψ(s, φ ×φ) is a an integral of the product of gl ℓ+1 -and gl ℓ -Whittaker functions. The Bump conjecture proved in [St1] claims that Ψ(s, φ ×φ) is equal to the Archimedean local L-factor
. Taking into account (4.6) the functional equation for L(s, φ ×φ) easily follows from the explicit integral representation (4.5).
The Mellin-Barnes integral representation discussed in the previous section provides a one-line proof of the Bump conjecture. Indeed, (4.6) is a simple consequence of (3.3) and (3.5) written in the following form
where x ′ ℓ+1 = (x ℓ+1,1 , . . . , x ℓ+1,ℓ ). On the other hand, as it was noted in [GKLO] (see [St3] for the detailed account), the Stade proof of the Bump conjecture is based on a Givental recursive representation which is different from the Mellin-Barnes recursive representation. The calculations presented in [St] , [St1] , [St2] can be considered as a derivation of the Mellin-Barnes integral representation of gl ℓ+1 -Whittaker functions starting from the Givental integral representation.
Methods considered in this note allow easy proofs of other identities arising while applying the Rankin-Selberg method. In particular Friedberg-Bump conjecture on the correction factors for L-functions associated with GL(ℓ + 1) × GL(ℓ + 1) easily follow from MellinBarnes recursive integral representation. Let us note that the correction factors Ψ(s, φ ×φ) for GL(ℓ + n) × GL(ℓ), n > 1 are not given by the products of Gamma-functions. From the point of view of Mellin-Barnes recursive construction Ψ(s, φ ×φ) are the kernels of the recursive operators corresponding to the change of the rank ℓ → ℓ + n and thus are given by compositions of elementary recursive operators. This leads to the expressions for Ψ(s, φ ×φ) in terms of the integrals of the products of Gamma-functions. Let us remark that in this note we consider Rankin-Selberg method as a method to study the properties of the matrix elements of the natural (recursive) operators acting in the space of automorphic forms. One can expect that this point of view might be useful in the study of the various properties of the automorphic L-functions.
The appearance of the Gamma-functions both in the Mellin-Barnes integral representation of the Whittaker functions and in the expressions for the Archimedean L-factors is not accidental. In the next section we argue that the natural framework for the discussion of the Baxter Q-operators for finite-dimensional Lie groups is given by Archimedean Hecke algebras H(G(R), K) where K is a maximal compact subgroup of G(R).
Generating functions in Hecke algebras
In this section we will argue that Baxter operators for Toda chains can (and should) be considered as elements of the Archimedean Hecke algebras H(G(R), K). Moreover we considered its non-Archimedean analogs in local Hecke algebras H(G(Q p ), G(Z p )). Both in Archimedean and non-Archimedean cases the eigenvalues of the Q-operators acting on gl ℓ+1 -Whittaker functions is given by the corresponding local L-factors.
In the first section we have described a construction of the gl ℓ+1 -Whittaker function in terms of the pairing of Whittaker vectors in the principal series representation of U(gl ℓ+1 ) [Ko1] . There is a more traditional construction of gl ℓ+1 -Whittaker functions in terms of the pairing of the spherical vector (i.e. vector invariant with respect to a maximal compact subgroup K of GL(ℓ + 1, R)) and a Whittaker vector (see e.g. [Ha] ). One of the important features of this construction is that an additional structure of Whittaker functions becomes explicit. To explain this let us recall the relevant construction of irreducible representations of GL(ℓ + 1) using induced representations. Consider first the induced representation V λ = Ind 
To ensure the convergence of the integrals one usually imposes the condition of compact support on K-biinvariant functions. We will consider slightly more general class of exponentially decaying functions 3 .
In a (spherical) irreducible representation of G entering W = Ind G K 1 there is a unique spherical vector (i.e. K-invariant) and the generators of the Hecke algebra H ∞ act in the irreducible representation by scalars. Using spherical vectors, gl ℓ+1 -Whittaker function can be constructed as a matrix element in the induced representation V λ
and ψ λ (g) is a Whittaker vector in V λ satisfying the functional equation
where n − = exp( i>j n i,j E i,j ). The function W λ (g) defined by (5.2) satisfies the functional equation 6) and thus descends to a function on the space A of the diagonal matrices entering the Iwasawa decomposition GL(ℓ + 1, R) = KAN − . Thus defined function on A can be identified with gl ℓ+1 -Whittaker function (2.3). From (5.2) it is clear that Archimedean Hecke algebra H ∞ = H(GL(ℓ + 1, R), K) acts on the Whittaker functions. In the following we will argue that it is natural to consider Baxter Q-operators for finite-dimensional Lie algebras as a certain element of H ∞ . To support this point of view we consider a non-Archimedean analog of Hecke algebras and Whittaker functions and Baxter Q-operator.
In the non-Archimedean case the local Hecke algebra H p = H(GL(ℓ + 1, Q p ), GL(ℓ + 1, Z p )) is defined as the algebra of the compactly supported GL(ℓ + 1,
given by characteristic functions of the following subsets of the double coset
The action of T (i)
This can be considered as a convolution with characteristic function of O i . For appropriately defined non-Archimedean gl ℓ+1 -Whittaker function [Sh] , [CS] one has
is a representation of GL(ℓ + 1, C) corresponding to the fundamental weight ω i andσ p is a conjugacy class in GL(ℓ + 1, C) corresponding to a non-Archimedean Whittaker function W σ . Note that in contrast with (5.9) the standard normalization of T (i) p includes an additional factor p −i(i−1)/2 . It is natural to arrange the generators of H p into the following generating function
More generally, one considers Hecke operators T (V ) p associated with arbitrary representations ρ V : GL(ℓ + 1, C) → End(V, C) with the property
(5.11)
We introduce another generating function in non-Archimedean Hecke algebra 12) where V = C ℓ+1 is the standard representation of gl ℓ+1 (C). Generating function (5.12) satisfies the following identities 15) and operators T p (λ) and Q gl ℓ+1 p act on the non-Archimedean analog of Whittaker function as
Therefore the eigenvalue of Q gl ℓ+1 p (λ) can be identified with the local non-Archimedean Lfactors
where we use a more traditional notation s := λ.
Comparing (5.13), (5.14), (5.15) with (2.19), (2.20), (2.21) one can see that gl ℓ+1 Baxter Q-operator appears quite similar to the generating function Q gl ℓ+1 p (λ) in the Hecke algebra H(GL(ℓ + 1, Q p ), GL(ℓ + 1, Z p )) and the analog of T p (λ) is given by (2.22). Moreover proper analogs of (5.17), (5.18) also exist. The eigenvalue of the integral Q-operator acting on gl ℓ+1 -Whittaker function (see Corollary 2.2) is given by the local Archimedean L-factor 19) where s := 2ıγ, V = C ℓ+1 and Λ = diag(Λ 1 , . . . , Λ ℓ+1 ), Λ j = ı2λ j . Additional factor π
comes from a difference in the normalization of the Toda chain coupling constant in the theory of integrable systems and in Number theory. Similar difference in the normalization of λ i leads to an additional factor of two in the definition of the variable s.
These considerations imply that one should consider Baxter Q-operator as a particular element of the Archimedean Hecke algebra H ∞ = H(G(R), K) such that its eigenvalues for the action on Whittaker functions are given by Archimedean local L-factors. This intriguing relation between quantum integrable systems and Number theory obviously deserves further considerations. In the next section we demonstrate, by considering the case of g = so 2ℓ+1 , that the constructions discussed above can be generalized to classical Lie algebras.
Baxter operator for so 2ℓ+1
We start by recalling the recursive construction of so 2ℓ+1 -Whittaker functions [GLO3] . Following [Ko1] , so 2ℓ+1 -Whittaker function can be defined as a certain matrix element in the principal series representation of the universal enveloping algebra U(so 2ℓ+1 ). Let V , V ′ be U(so 2ℓ+1 )-modules dual with respect to a non-degenerate invariant pairing . , . :
and X ∈ so 2ℓ+1 . We will assume that the action of the Cartan subalgebra on V , V ′ is integrated to the action of the Cartan torus H ⊂ G. Let B − = N − H and B + = HN + be a pair of opposed Borel subgroups and N ± are unipotent radicals of B ± . Let χ ± : n ± → C be the characters of n ± = Lie(N ± ) such that χ + (e i ) := −1 and χ − (f i ) := −1 for all i = 1, . . . , ℓ. We define Whittaker vectors as
Then so 2ℓ+1 -Whittaker function can be written in terms of the invariant pairing of Whittaker modules as follows
is a bases of the fundamental weights of so 2ℓ+1 . Note that so 2ℓ+1 -Whittaker functions are common eigenfunctions of the complete set of the commuting so 2ℓ+1 -Toda chain Hamiltonians H 2k ∈ Diff(h), k = 1, · · · , ℓ defined by
where {c 2k } are generators of the center Z(so 2ℓ+1 ) ⊂ U(so 2ℓ+1 ). For the quadratic Hamiltonian we have
Then so 2ℓ+1 -Whittaker function satisfies the following equation 6) where λ = (λ 1 , · · · , λ ℓ+1 ) and x = (x 1 , . . . , x ℓ+1 ).
Theorem 6.1 Eigenfunctions of the so 2ℓ+1 -Toda chain admit the integral representation:
where we set This integral representation was proppsed in [GLO3] ( we make an additional change of variabels z ℓ,1 −→ −z ℓ,1 + ln e x ℓ,1 + e
in the integral representation given in [GLO3] ). 
For ℓ = 1 we set Q so 3 so 1 (x 1,1 ; λ 1 ) = dz 1,1 e ıλ 1 x 1,1 −2ıλ 1 z 1,1 exp − e z 1,1 + e
A particular solution of (6.6) corresponds to a particular choice of the integration domain in (6.7). Below Ψ so 2ℓ+1 λ (x) will always denote the unique W -invariant solution of (6.6) (class one principal series Whitaker function). Note that the space of W -invariant Whittaker functions Ψ so 2ℓ+1 λ (x) provides a bases in the space of W -invariant functions on R ℓ . Now we are ready to introduce the Baxter Q-operator for so 2ℓ+1 .
Definition 6.1 Baxter Q-operator for so 2ℓ+1 is given by
where y = (y 1 , . . . , y ℓ ) and x = (x 1 , . . . , x ℓ ).
Theorem 6.2 Operator Q so 2ℓ+1 (λ) satisfies the following identities
12)
14)
We will prove the commutativity of Q-operators (6.12). Other identities can be proved in a similar way.
Proof: We should verify the following identity between the kernels of Q-operators:
The proof is given by the following sequence of elementary transformations. Let us first change variables u i and v i in (6.17):
u 1 −→ −u 1 + ln e y 1 + e x 1 , u i −→ −u i − ln e y i−1 + e x i−1 + ln e y i + e x i , 1 < i ≤ ℓ, v 1 −→ −v 1 + ln e x 1 + e z 1 , v i −→ −v i − ln e x i−1 + e z i−1 + ln e x i + e z i , 1 < i ≤ ℓ.
We introduce additional integration variables u ℓ+1 and v ℓ+1 in (6.17) using integral formulas: Finally, integrating out u ℓ+1 and v ℓ+1 , one completes the proof of (6.12).
Note that (6.14) can be considered as a degeneration of the corresponding equation for the affine so 2ℓ+1 Q-operator. As in the case of gl ℓ+1 and gl ℓ+1 Q-operators, the equation (6.14) and its affine analog can be obtained by a quantization of the spectral curve equation of the corresponding Toda chain. Finally let us note that this result is in agreement with the interpretation of the eigenvalues of Q-operators as local Archimedean L-functions discussed above.
Corollary 6.2 The following identities hold
Q so ℓ+1 (λ) · Q so 2ℓ+1 so 2ℓ−1 (λ ′ ) = Γ ıλ ′ − ıλ Γ − ıλ ′ − ıλ Q so 2ℓ+1 so 2ℓ−1 (λ ′ ) · Q so ℓ−1 (λ),(6.
